
PHYSICAL REVIEW E SEPTEMBER 2000VOLUME 62, NUMBER 3
Crossover behavior in 3He and Xe near their liquid-vapor critical point
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We present a detailed discussion of the crossover from mean-field to Ising critical behavior upon approach
of the critical point, both for3He and Xe. By combining different sets of experimental data, we are able to
cover an unusually large temperature range on either side of the critical temperatureTc . Below Tc , we thus
can make an accurate comparison with a recent calculation for the crossover of the coexistence curve. For the
regime aboveTc , an analysis of the compressibility demonstrates that the crossover regime in3He is unex-
pectedly widened by a subtle interplay between quantum and critical fluctuations.

PACS number~s!: 64.60.Fr, 05.70.Jk, 67.55.Cx
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Recently, there has been a renewed interest in the na
of the crossover from mean-field-like~‘‘classical’’! to Ising-
like critical behavior that occurs upon approach of the cr
cal point. Although this phenomenon can be observed i
wide variety of experimental systems, including simple fl
ids, micellar solutions, and polymer mixtures, much of t
recent attention has been focused on its theoretical des
tion. An important reason for this lack of experimental da
is the width of the crossover region, which extends o
several decades in the reduced temperaturet[(T2Tc)/Tc ,
whereTc is the critical temperature. The crossover depe
on the ratio betweent and the~system-dependent! Ginzburg
numberG: Ising critical behavior occurs fort!G and mean-
field critical behavior is expected fort@G. Throughout the
crossover region, however, one has to stay within the crit
regime, i.e.,t&0.1. Hence, the full crossover can be o
served only ifG is sufficiently small. On the other hand, ifG
is extremely small, as for conventional superconducto
which haveG'10216, the nonclassical region is so narro
that it becomes impossible to observe. Ideally, thus,
would need a system with a tunable Ginzburg number, as
actually be realized in polymer mixtures, where the Ginzb
number is inversely proportional to the molecular weig
Measurements of the crossover have indeed been rep
for such systems@1,2#, essentially confirming the existenc
of a crossover between the two universality classes. H
ever, few studies have actually addressed theshapeof the
crossover curves. In Ref.@2# the concentration susceptibilit
x as a function oft/G was shown to be well described by
phenomenological crossover function obtained by Belya
and Kiselev~BK! @3#, but it must be pointed out thatx in-
creases by more than 5 orders of magnitude in the cross
region, making it difficult to judge even the qualitativ
agreement from a logarithmic plot. Theeffectivesusceptibil-
ity exponent, which is defined as the logarithmic derivat
of x, geff[2d ln x/d lnutu @4#, is clearly a much more sens
tive quantity. However, very few papers@5,6# have endeav-
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ored to discuss the shape of the crossover in experime
systems in terms of this parameter.

It is the objective of this work to present an alternati
description of experimental data exhibiting~part of! the
crossover between mean-field-like and Ising-li
~asymptotic! critical behavior. Our description differs from
previous ones in several aspects. First, those of Refs.@3,6#
possess essentially phenomenological features and rel
extensions of low-order renormalization-group~RG! results
@3# or on the so-called RG matching procedure@6#. Note that
for simple liquids ~as studied in this work! the crossover
function used in Ref.@6# closely resembles the equation o
tained by BK ~cf. Ref. @7#!. In addition, both the field-
theoretic results obtained in Ref.@8# and the description by
BK are only valid in the limit wheret/G is varied but where
both t→0 andG→0, a restriction that is certainly not ful
filled by liquids and liquid mixtures, for whichG is a finite,
fixed quantity. In contrast, we use here theoretical crosso
curves that have been obtained from numerical calculati
for model systems in whichG was a tunable parameter@9#. A
second aspect concerns our choice of experimental syst
viz. 3He and Xe. Whereas the latter system was already c
sidered fort.0 in Refs.@5,6#, it is the former that exhibits
two features that make it stand apart from other fluids:~i! its
coexistence curve is almost symmetrical with respect torc in
the r-utu plane, thereby eliminating important corrections
scaling;~ii ! the magnitude of its bare correlation length su
gests a relatively small Ginzburg number. In addition, th
is a great abundance of available data close to the liq
vapor critical point for these two systems, extending ove
larger range int:0 than for most other fluids. They can b
thought of as representing extremes in both mass density
molar mass for simple fluids near the critical point,3He
having the largest de Boer parameterL* of any fluid @10#,
implying a ‘‘near-quantum’’ behavior, and Xe a very sma
one, leading one to expect ‘‘classical’’~in the sense of non-
quantum! behavior. Both, however, show the predicted cri
cal exponents and amplitude ratios in the asymptotic crit
regime. Our comparison now allows exploration of the infl
ence of quantum effects on the nature of the crossove
final noteworthy aspect is the fact that we consider the tw
phase regionT,Tc as well. To our knowledge, this is one o
y,
3257 ©2000 The American Physical Society
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3258 PRE 62ERIK LUIJTEN AND HORST MEYER
the first comparisons between a theoretical description of
crossover of the coexistence curve and experimental re
presented together with the crossover aboveTc . An impor-
tant feature of the low-temperature region is that one
clearly identify the end of the critical regime. By contra
for T.Tc , the region where the compressibility exhibi
mean-field-like critical behavior, i.e.,geff51, cannot be
distinguished from the regular high-temperature behav
x;1/T. Thus, a system that actually has left the critic
region can incorrectly be interpreted as having comple
the full crossover. An important point in this context is th
expected degree of universality of crossover scaling fu
tions, which may be legitimately doubted because of the
crease of the correlation length in the crossover regime.
Ref. @11# for a detailed analysis of the nature of nonuniver
corrections. Here we just note that recent numerical w
@12# has provided evidence that the actual crossover sca
functions may be remarkably insensitive to the detailed
ture of the interactions.

For the study of crossover phenomena in3He and Xe,
we consider two properties, namely the isothermal co
pressibility kT5r21(]r/]P)T along the critical isochore
aboveTc and the coexistence curve belowTc . Here r is
the mass density andP the pressure. The data are presen
in the form of the dimensionless ‘‘reduced’’ compres
bility xT* 5PckT and ~for Xe! the density differenceDr*
5(r liq2rvap)/2rc as a function ofutu. The densities are thos
of the coexisting liquid and vapor phases. This representa
eliminates the effect of the slope of the rect
inear diameter. For3He, where this slope is much smalle
than in Xe ~cf. Fig. 7 of Ref. @13#!, we use the individual
liquid and vapor data in the formDr1* 5(r liq2rc)/rc and
Dr2* 5(rc2rvap)/rc . Inevitably, some accuracy is lost
one extracts effective exponents by means of numerical
ferentiation of the actual data, and hence we have divided
the leading singularity instead, which yields an equally s
sitive comparison with the theoretical models. Thus,
quantities are plotted asxT* /t2g and Dr* /(2t)b with
g51.240 andb50.327, the asymptotic singular exponen
predicted for the three-dimensional Ising model@14#. In a
fully logarithmic plot versusutu, the local slopes are then
respectively, (g2geff) and (beff2b). The influence of the
uncertainties in the exponentsb andg and in the respective
critical temperatures of the examined fluids turns out to
small.

For Xe, the critical parameters arePc558.40 bar,
rc51.110 g/cm3, and Tc5289.73 K. Excellent compress
ibility data along the critical isochore have been obtain
from light scattering experiments by Gu¨ttinger and Cannell
@15# for 1024,t,1021. The range of these data overla
that covered by density measurements versus pressure
several isotherms between 25 and 150 °C by Michelset al.
@16#. From the tabulated data,xT* was obtained by numerica
differentiation. A small~systematic! adjustment of 4.5% was
required to bring the results in line with those of Ref.@15#.

The combined range for Xe extends over 31
2 decades int

and exhibits a clear crossover ingeff as we shall see. Fo
Dr* (2t), we used the data of Ref.@17#, where the densities
of both the coexisting phases were obtained simultaneo
with a visual method. These data cover the ran
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3.031023,2t,2.931021. Closer to the critical point, we
used the most recent data@18#, obtained by an optical inter
ferometric technique. In addition to a high precision, the
data exhibit a good agreement with those of Hocken a
Moldover @19# in the asymptotic regime (utu,531025) and
are consistent with those from nuclear magnetic resona
experiments by Hayes and Carr@20#.

For 3He (Pc51.168 bar,rc50.0414 g/cm3, Tc53.317 K
on the T90 scale!, compressibility data aboveTc were ob-
tained from density measurements along isotherms over
range 0.05,t&2 @21# and from measurements of the vertic
density gradient in the gravitational field@13#. For the latter
experiments, the determination ofxT is limited to the tem-
perature range where the density gradient over the distanh
is constant within the experimental error. As the stratificat
diminishes with increasingT, the scatter increases an
the useful data were confined to 431024,t,331022.
The data are consistent with earlier ones@22,23#. In
both experiments, the dielectric-constant method was u
Also for the coexistence curveDr* (2t) the results of
Ref. @13# were used, where the density of both phases co
be measured simultaneously. The range of the data
331025,2t&0.1 and could be extended by measureme
of r liq at saturated vapor below 3.2 K (0.05,2t,1.0) @24#,
and of the vapor densityrvap in equilibrium with the liquid
above 1.4 K@25#. These measurements used a volume
method and join on smoothly to those of Ref.@13#. Below
1.4 K, rvap was obtained by using the ideal gas law as
reasonable approximation.

We now proceed with a comparison of these experime
data to theoretical predictions, starting with the coexiste
curves. Figure 1 displaysDr* /utub for Xe. The solid curve
indicates the crossover function as predicted from numer
data for the Ising-like systems studied in Ref.@9#. The closed
symbols, which were recreated from the fit express
of Ref. @18# with parameters that were taken as the aver
for the two samples, follow the predicted curve very close
These data are joined smoothly by those of Ref.@17#, making
the data span a total range of approximately 80 K. F

FIG. 1. Comparison between experimental data for the coex
ence curve of Xe and the predicted universal crossover func
calculated by Luijten and Binder~LB!. The vertical arrow calibrates
the scale oft. The data were normalized by dividing out the critic
amplitudeBXe51.475.
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utu&0.02 there is good agreement with the theoretical cur
for utu.0.02 the latter continues its trend toward the me
field asymptote, whereas the experimental data already
to leave the critical region, presumably because of the fi
width of the low-temperature regime. Indeed, the dista
between the onset of the deviation and absolute zero is
than 2 decades on this logarithmic scale. Note that ther
only one adjustable parameter in the form of the Ginzb
parameterGXe

2 , estimated as 0.0760.02.
The data for3He, shown in Fig. 2, exhibit a close sim

larity to those for Xe. For 1024,utu,0.02 the agreemen
with the prediction is comparable with that for Xe an
for larger utu a similar changeover to regular low-tempe
ature behavior is observed. The downward trend upon
proach of absolute zero simply results from the saturation
the order parameter. The Ginzburg parameter turns out t
the same as that for Xe within the fitting uncertainty, w
GHe

2 50.07060.008. The close agreement of the experim
tal data for both Xe and3He with the theoretical curve con
firms the expectation that, due to the predominance of
critical fluctuations, the initial crossover behavior is ess
tially unaffected by quantum statistics. Unfortunately, t
very small width of the critical regime makes it impossible
identify the influence of quantum effects on the crosso
behavior at somewhat larger distances from the critical po

Next, we turn our attention to the high-temperature
gime, where the crossover of the compressibility upon
proach ofTc is considered. We compare the experimen
data to three theoretical descriptions, namely the fie
theoretical approach of Bagnuls and Bervillier~BB! @8#, the
phenomenological extension of low-order RG calculations
Ref. @3#, and the numerical calculation of Luijten and Bind
~LB! @9#. The latter calculation has been improved compa
to Ref. @9# by leaving out the results for systems with ve
short interaction ranges, which cannot exhibit the crosso
to mean-field-like behavior due to their location with resp
to the Wilson–Fisher RG fixed point. The improved calcu
tion exhibits a very close agreement with the BK curve.
view of the phenomenological nature of the latter, this m
be coincidental to some extent. The normalization of
Ginzburg number in the theoretical expressions has b

FIG. 2. Crossover of the coexistence curve for3He. We adopted the
critical amplitudeBHe51 000 and hence no further normalizatio
of the data was required.
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chosen such that the curves coincide in the asympt
~Ising! regime. The main remaining difference then ess
tially lies in the width of the crossover regime, where t
asymptotic crossover described by the field-theoretic cu
pertains to the strict limitG→0. Systems with a finite Gin-
zburg number will appear to exhibit afastercrossover, due
to the fact that one leaves the critical region before comp
ing the full crossover and hence enters the noncritical hi
temperature regime, as has, e.g., been illustrated in Fig.
Ref. @26#. Additional deviations, however, may result from
neglected irrelevant couplings and analytic corrections
scaling@27# and it remains to be seen which theoretical e
pression actually provides the best description of experim
tal measurements. The admirable accuracy of the Xe d
from Refs. @15# and @16#, and the large temperature rang
that is spanned by the total data set, enable an accu
matching with the theoretical expressions. As can be s
from Fig. 3, the LB and BK calculations turn out to yield
strikingly good description of the data over the full tempe
ture range. The BB expression exhibits a slower crosso
toward the classical critical regime, as was already found
Ref. @5#. We note here that the agreement is very sensitive
the choice of the critical amplitude; the valueG150.0577
60.0001@15# for g51.241 appears very low. Upon omis
sion of the data points fort.0.02, which are presumably no
described by the first few Wegner corrections, a fit yie
G150.058760.0002; for g51.240 this even increases t
G150.059460.0002. A smaller value improves the agre
ment with the BB curve for intermediate temperatures,
leads to poor agreement for very smallt. It should be stressed
that the horizontal offset between the curves and the exp
mental data shouldnot be regarded as a failure by itsel
since the matching involves adjustment of the Ginzburg
rameterG, here estimated asGXe

1 50.01860.002. The essen
tial point is that there exists no value ofG for which the
experimental data coincide with the BB curve over the f
temperature range. Note that even the data point at the h
est temperature is located att,0.5, and thus lies definitely
not far outside the critical regime.

The data for3He ~also shown in Fig. 3! exhibit a com-

FIG. 3. Crossover of the compressibility of Xe and3He for T
.Tc . For Xe, the error bars do not exceed the symbol size. T
data were normalized by dividing out the respective critical am
tudesGXe

1 50.0594 andGHe
1 50.139.
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3260 PRE 62ERIK LUIJTEN AND HORST MEYER
pletely different behavior. Whereas the initial increase of
data is again well described by the BK and LB calculatio
with GHe

1 50.002560.0010, a systematic deviation sets
aroundt50.005, which is not captured by any of the the
retical expressions. The experimental data continue their
ward trend, but at a markedly slower rate. Unlike fort,0,
there is no reason to expect a deviation at such a smallt. In
the rightmost part of the graph the data run roughly para
to the predicted curves, but shifted by an order of magnit
in t. At this point, the system has obviously left the critic
region and one is observing the changeover to regular h
temperature behavior. This effect by itself, however, wo
ratherhastenthe ~apparent! crossover and can certainly no
explain the slowing down in the crossover behavior; the
results ~with a seven times higherG!! only reinforce this
conclusion.

We suggest that one is actually observing the interp
between the critical and the quantum fluctuations. While
former are dominating close toTc ~and thus lead to Ising-like
critical behavior!, the contribution of the latter cannot b
neglected in this temperature range and leads to a cons
able enhancement of the compressibility, as follows from
critical amplitudeG150.13960.003, which is more than
twice as large as for Xe. Indeed, the thermal de Brog
wavelengthldB is, at Tc , 4.5 times larger than the van de
Waals radius, compared to a corresponding ratio of o
0.062 for Xe at criticality. However, the absolute tempe
ture changes appreciably within the crossover region an
does the quantum-natured contribution to the compress
ity. Since the data in Fig. 3 are normalized by the critic
amplitude, this then obviously leads to an apparentdepres-
sionof the compressibility at highert and to a corresponding
‘‘widening’’ of the crossover regime. Although a proper d
scription of crossover behavior is clearly beyond the scop
the van der Waals equation, it is still instructive to consid
the quantum corrections to the second virial coefficient@10#.
In first approximation, these corrections are indeed found
be proportional toldB

2 }T21. Exchange effects, which wil
tend to decreasethe compressibility for3He, are propor-
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3 but expected to become important only below

K. The compressibility of4He @28# lends strong support to
this scenario, as it shows essentially the same behavio
3He, except that the high-temperature data lie somew
higher, i.e., closer to the theoretical curve. This is consist
with the reduced importance of quantum effects in4He due
to its higher mass. A quantitative description of this pheno
enon will require a more fundamental understanding of
contribution of quantum-mechanical fluctuations to the cr
cal divergence of the compressibility, which is essentia
driven by thermalfluctuations! Of particular interest will be
a study of the compressibility in the two-phase region, wh
the above-mentioned mechanism should rather have an
posite effect.

For completeness we remark that a rather different fit
the 3He data to the Monte Carlo results might be attempt
in which a considerably higher critical amplitudeG1'0.15
is used. This leads to a larger Ginzburg number and dim
ishes the deviations at highert, but entails two undesirable
consequences:G1 lies certainly 3 standard deviations abo
the value quoted in Ref.@13# and a considerable part of th
data at very smallt has to be omitted from the analysis, eve
though there is no reason to expect stratification effects
these temperatures. With regard to the Ginzburg numb
found in our analysis, we note that theGXe

1 /GHe
1 .1, whereas

GXe
2 /GHe

2 ~as obtained from the coexistence curve! lies much
closer to unity; this is consistent with the corresponding fi
Wegner corrections, to which the Ginzburg parameter can
related, but seems to contradict the expected universalit
the ratio of Ginzburg numbers above and belowTc @29#.
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help with scaled plots, and K. Binder, M. Anisimov, an
M. E. Fisher for stimulating comments and helpful discu
sions. The provision of computing resources by the NIC a
support by NASA Grant No. NAG3-1838 are grateful
acknowledged.
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