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The constant-volura hed capacity Cy(T,p), of the restrictal primitive modé (RPM) electrolye is
considerd in the vicinity of its critica point It is demonstrate that despie claims recent
simulatiors for finite systens do not convincingly indicae the absene of a divergene in
Cy(T,p)—which would point to non-Ising-tyge criticality. The strorg qualitative difference
betwea C,, for the RPM and for a Lennard-Jongfluid is shown to resut from the low critical
densiy of the former. If one consides the theoreticaly preferabé configurationh heat-capacity
density Cy/V, the finite-size resuls for the two systens display qualitatively similar behavio on

near-criticd isotherms © 2001 American Institute of Physics [DOI: 10.1063/1.1359769

The critical behavia of Coulombt systens continues to
be subjed to debateWherea it is generaly acceptd that the
critical behavia of the gas—liquid transitian in simple liquids
belong to the three-dimensioda(3D) Ising universality
class the situation in ionic solutiors is considerabt more
obscure At sufficiently low temperatureghes solutiors ex-
hibit separatia into two phase with differert density driven
primarily by the Coulombt forces betwea the chargel con-
stituents Experimentally both classich (as one might guess
from the long-rang characte of the ionic forceg and Ising-
type critical behavia (as might be explainal by the effects of
Debye screening hawe bee reported see e.g, Refs 1 and
2. Othe possibé scenaris ental a crossove from classical
to Ising-type behavio at considerabt smalle reduce tem-
peraturs than in simple fluids or even the existene of a
differert type of criticality.'~3

In view of the significane of electrolytes and ionic sys-
tems in mary domains a clea understandig of their critical
behavia is of interest It is, therefore disconcertig that even
for the simple$ modéd though to captue the saliert features
of sud systems namely the restricted primitive model
(RPM), the universaliy clas has nat yet been established
beyord reasonatd doubt The RPM consiss of a mixture of
had sphers of uniform diamete o, haff of which cary a
charg +q and half a charge —q. Its critical behavio has
bee analyzel by both analyticd and numerich meansAna-
lytically, afairly satisfactoy descriptia of the critical region
(excep for the natue of the criticality) has been obtained
from Debye-Huckd theoy supplementg by Bjerrum’s con-
ceg of ion pairing ard allowane for the solvation of
dipolar-ion pairs in the ionic fluid.* However lack of a suf-
ficiently adequa¢ formulation at the mean-fietl levd has
hinderel the developmenof a renormalization-grop treat-
ment see e.g, Ref. 5. Furthermore simulatiors hawe also
encounterd seriots difficulties, not only becaus of the
long-range natue of the interactions but, in particular be-
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cau® of the low value of the critica temperatue and the
resultirg presene of mary strongy bourd ion pairs®=® The
limited statisticd accurag and range in systen sizes that
hawe bea reliably accesse have hamperd detailel numeri-
cd analysis.

This note has bee inspired by recen work by Valleau
and Torrie (VT),'° who performeal numericd simulatiors of
the RPM using a temperature-and-density-scajirMonte
Carlo method Othe simulation§*! focusel mainly on the
coexistene curve belov T.. Experimentally observations
of the coexistene curve as T—T.— hawe bee revealirg of
universaliy class (with Biging=0.32 and B jassicar 3) or of
crossove behavior In simulations however finite-size ef-
fects precluce the estimatio of the coexistene curve close
to T.: Wilding ard Bruce”? have devisel a finite-siz scaling
technique for analyzirg the correspondig Monte Carlo data
which has led to fairly precie and seemingy rathe reliable
estimate of the critical temperatureT., and to reasonable
estimate of the overal ionic critical density p.. However,
in practice their technigque has presupposg Ising-type criti-
cality and has not, therefore provided ary effective criteria
for ruling out (or, possibly revealing othe types of critical-
ity.

By contrast VT focusel on the hea capaciy at con-
start volume Cy(T,p), in the one-phas region both as a
function of density p, nea T, and on approab to criticality
from above In aclassical or van de Waals-ty systen Cy,
remairs finite as T—T.+ on the critical isochore p=p.,
wherea in an Ising-type system Cy/(T,p.) diverges to infin-
ity, albet weakly with an exponemh «=0.109 As one passes
throudh T. from abowe in a classich system Cy(T,p.) un-
dergos a positive jump discontinuiy and decreases
smoothy thereafter see Fig. 1; an Ising-type fluid exhibits a
|T—T.|~* singulariy falling rapidly from infinity as T de-
creases Accordingly, VT arguel tha an examination of
Cy(T,p) for the RPM for T=T. and in particulay compari-
son with simulatiors of a Lennard-Jong (LJ) modé fluid
(for which Ising-type or close-to-Ising-typ behavio may be
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FIG. 1. The specift heat C\,/N kg, for a grand-canonidaattice gas with
identicd interactiors betwea all particle pairs nea the mean-fietl critical
temperatue TYF. The solid curves derive (in orde of increasiy peak
heigh) from finite systens of N,= 10, 20, 40, 100, 200, 400, 1000 lattice

sites for a mean particle densiy p=p.= %pmax . The correspondig dashed

curves pertah to densities p= %pc ard p= %pc . The bold dotted curve rep-
resens the thermodynang limit, N,—o, for p=p.. The maxima of the
finite-size curves saturag at approximate}l 1.657 rathe then at the thermo-

dynamtc maximum% (Ref. 14).

acceptedl shout provide an effective diagnostt of critical
behavior On the bask of the simulatiors they undertod& and
presentedVT concludel that littl e if any evidene of a rise
in specift hed was presemin the RPM. This suggestd that
criticality in the RPM might be classichin natue or, at least,
characterizé by crossove rathe close to T, .2

While we acknowledg the potentid value of the VT
approachwe find, as will be explained tha we canna ac-
cep the validity of their analyss or of the conclusiors they
draw. Indeed althoudh Ising and classica behavia are es-
sentially differert in the thermodynang limit, they are far
more difficult to distinguis in the smal systens tha are
accessit# to numericé simulations Specifically VT studied
the hed capaciy (i) along the estimate critical isochoe (for
T>T.) and (ii) along the anticipatel critical isotherm for a
wide range of densities|n the first case as mentionedthey
found no sigrs of a divergene in Cy/(T,p.). In the second
case no (finite-size rounded pe&k was sea nea the critical
density It isthis latter observatio tha VT advane as strong
evidene agains Ising-type critical behavia in the restricted
primitive mode| since as they illustrated C\(T.,p) in a
Lennard-Jongfluid exhibits a clear, system-size-dependent
ped in the vicinity of p=p.. Herg we reconside this evi-
dence which stang unchallengd to date eithe through
new simulatiors or via areanalyss of the VT data.

Consider first, the hea capaciy alorg the critical isoch-
ore VT obsere tha Cy(T,p.) increass almog linearly
upan approab to T, from above with no evidene of a
divergenceThey do, however remak that this might be due
to the fact that all their observe temperaturglay within the
regime of finite-size rounding where the correlation lengh is
restrictal by the systen size We feel, rather that it is the
constrain t=(T—T.)/T.>0 tha might lead to premature
conclusionsin Fig. 1 we show the specift hea at constant
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volume for an infinite-range van der Waak or mean-field
lattice gas (in which all particles interad¢ equally for a num-
ber of systen sizes'>¥ The plots for densiy p=pe=2pmax
represehthe behavia along the critica isochore whereas
the curves for p=3p. ard p= 2p,. (the systen being symmet-
ric arourd p.) illustrate the behavio along anoncriticd iso-
chore As expectedthe pe& height are lower if p# p.; but
the qualitative behavio of the specift hed evidently persists
even for relatively large deviatiors from the critical isochore.
(Thus even moderatey large errors in the estimae of p, for
the RPM shoul not affed qualitative conclusions.

The crucid point, however is tha [despie the absence
of adivergene of Cy(T,p.) in the thermodynand limit] the
mean-fietl plots display pronouncd size-dependdémaxima
for T<T.. Indeed even thoudh the® pe& height must
saturaté?" whereas they diverge for an Ising-type system
with short-rang interactions the behaviao of smal systems
is qualitatively very similar in both cases|n particular the
specift heas of finite 3D Ising modek and hard-coe square-
well fluids display maxima below T;.*® Thus it may be dif-
ficult to distinguis the two types of behavie unles one has
a sufficiently large range of systen sizes to allow extrapola-
tion of the pe& heigh and position Certainly, the linear
increag of Cy(T,p) for T—T.+ for agiven systen size as
VT observe for the RPM with p=p., would seen to con-
vey littl e information regardiry the natuie of the critical be-
havior. This is basicaly a consequereof the fact that for
finite 3D systens the specific-heamaxima seen invariably
to occu below the true limiting critical temperature.

In orde to illustrate this point more concretely we have
carried out high-resolutio Monte Carlo simulatiors of a dis-
cretizad versian of the RPM® This modée differs from the
continuum RPM only in tha the positiors of the ions are
restrictal to lattice sites the degree of discretizatio is deter-
mined by the ratio, ¢, of the ion diamete o to the lattice
spacirg a. The continuum limit is recovere by taking ¢
—. |t has been showrt® tha alread for the smal discreti-
zation parametes (=3, 4, ard 5, this modd exhibits a
liquid—vapa transitio like the continuun RPM, with a co-
existene curve tha approachsthat of the continuum model
very closely We hawe focusel on =5, ard carried out
histogram-reweighté grand-canonida simulatiors for
simple cubic lattices of sizes up to L=100, which corre-
spong to ({L/o)®= 125 000 possibk ion positions Periodic
bounday conditiors were employed.

The strorg ion pairing at low temperaturemakes grand-
canonicé simulatiors especialy time consuming However,
we view canonicé simulatiors as inherenty dangeros ow-
ing to the importart role of densiy fluctuatiors in the vicin-
ity of the critical point (See also further commens in the
following). A detaila study of thes ard related da@ is in
progress, but preliminary examinatio suggest a reduced
critical temperatue T; =0.05L ard a critical densiy p?
=0.068 See Note addal in proof. (See e.g, Refs 1, 2, and
4-7 for the standad definitiors of reducel units for the
RPM). Our estimats agree with the suggestia of Ref 16
that the RPM with (=5 has a T} slightly highe than tha of
the continuum RPM (T*=0.049°% Figure 2 shows the
specift hea of this modd for p=p. over a relatively wide
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FIG. 2. The ionic specift heat C, /Nkg, of the RPM with discretization
paramete (=5, along p*=0.068 clos to the estimate critical isochore.
Clea peals roundal by finite size are evidert below the estimate critical
temperatue (verticd dashe line), althoudh the behavia abowe T conveys
significantly less information.

temperatue range arourd T.. Asin Fig. 1, system-sie de-
penden maxima are indeal observe at temperaturs that
clearly approab T, from below. Their variation with L sug-
gess quite strongly tha Ising-type behavia canna be ruled
out.

On the othe hand VT's resuls for the densiy depen-
dene of Cy at T=T, presentat first sight amore challeng-
ing puzzle Indeed their data appeard to revead a remark-
able differene betwea the RPM ard aLennard-Jongfluid.
For the former, C\,/Nkg decreasg monotonicaly with in-
creasig density without any evidernt marked dependeneon
systen size The correspondig curves VT presenm for a
Lennard-Jone fluid, on the contrary exhibit a pronounced
ped in the vicinity of the critica densiy p. that further-
more increass with systen size.

Why is a pe&k for the RPM apparent} abser? Without
doubt any maximum or divergene related to criticality in
the RPM will be roundel ard shifted in finite systemsirre-
spective of the actuad universaliy class Furthermore one
mug be prepare for strorg finite-size effecs tha are likely
to be distorted relative to LJ-type modée fluids in light of the
shag of the RPM coexistene curve which is highly
asymmetric-?* This expectatia is indeel confirmed by Fig.
3, where the continuots plots shav our simulation dat for
the specifc hea of the discretizel RPM for six different
systen sizes at T* =0.051=T; . For eat systen size there
isaclea maximum at adensiy that appeas to approab the
critical densiy from below. Unfortunately however the data
of VT (shown for their systen size N=192) did not extend
to sufficiently low densities to cove thes peaks Also note-
worthy is that their data actually are quite nea ours for the
discretizel RPM, at a systen size betwea L=50 ard L
=60, even though this is consideraty smalle then the di-
mensio L= (N/p)¥*=130 suggestd by the particle num-
ber N=192 This differene might be due to the =5 dis-
cretization but if T, really islower for the RPM 1 VT’ sdata
pertan to an isothem somewhé&abowe T,.. It shoul also be
noted however tha VT cho to take their daia at an appar-
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FIG. 3. The constant-volura specift hed on the estimate critical isotherm
of the discretizel RPM (for {=5), compare with the correspondig VT
dat (Ref. 10).

ert finite-siz critical temperature On the othea hand one
canna excluce the possibility that the difference reflect a
relative limitation of the canonica simulatiors performel by
VT. The fixed particle numbe may, in effect suppres the
characteristi densiy fluctuations with a consequentlarela-
tive suppressio ard enhancd roundirg of various maxima
in finite systems This might also explan why VT observe
negligible changs in C, /N when increasiig the numbe of
ions by 50% from 128 to 192 However the precie natue of
the finite-size effects themselve is currently unclea in the
framewok of the canonicd Monte Carlo usel by VT.

Now conside the qualitative differences observe by
VT betwea the specift heas of the RPM ard the LJ fluid.
The< differences al prove to be aconsequereof the low
critical densiy of the RPM, comparé to p. for simple fluids;
they do not refled any significan possibe differene in the
natue of the critical behavia of the two systems To see
this, recal tha in comparirg the configuration& hed capac-
ity at constanvolume for differert fluids, or for afluid ard a
lattice mode| the more bast quantiy for criticality and
pha® separatia is the hed capaciy pe unit volune (or Cy,
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FIG. 4. Asin Fig. 3, but now the heat-capacjtdensiy is plotted ard alinear
“backgrourd term” CJ/V*kg=3.5* has been subtractd (while V*
=V/c?). See the text.
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FIG. 5. The heat-capacjtdensiy for a Lennard-Jongfluid, as derived from
the daia of Valleau and Torrie (Ref. 10). As in Fig. 4, a “background”
C/V*kg=1.6p* has been subtractd from C, /V*kg . See the text.

density rathe than the specifc hed (or hea capaciy per
particle).’® In addition to the argumers presentd in Ref. 18,
namey the greate naturalnes of the grand-canonidaen-
sembk and the expectatio tha spatid fluctuatiors mog di-
rectly characterie critical divergencesnote tha the field-
theoretich viewpoint of critical phenomea and the
renormalization-grop approacl® bea out the conclusion
tha the numbe of degres of freedam per unit volune plays
the mog fundamenthrole.

Thus in Fig. 4 we hawe plotted the heat-capacjt density,
Cy/Vkg, for the RPM as a function of p for T* =0.05%, in
addition knowing in very genera terms tha the universal
aspect of the critical behavio of red and modd systems
invariably involve a smooth nonuniversh “background”
(which may well be negativeé we hawe subtractd a term
proportiond to p with an amplituce chose judiciously to
generat adisplay sud as might be expecte in atruly sym-
metrig, e.g, lattice-ga system Instea of a monotonically
decreasig function we now obtan a ne “energy fluctua-
tion” tha displays a clea maximunm as afunction of p, of a
height tha increass systematicajl with size If we replot
VT’ s data for the Lennard-Jongfluid in the analogos way,
asin Fig. 5, we find similar behavior Indeed the subtracted
heat-capacyt densiy of the LJ fluid on the critical isotherm
exhibits clea finite-size maxima as afunction of the density,
with asystemat size dependenethat, as for the RPM, sug-
gessk a monotont increag (as L or N—x) peakirg in the
vicinity of the critical density.

In summary the constant-volura hed capaciy is a use-
ful quantiy in the study of the critical behavio of the re-
stricted primitive mode for ionic fluids. However as we
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have demonstrateccare mug be exercisé before concluding
tha a maximum or a critical divergene is absent Along
both the critical isochoe and the critical isotherm numerical
resuls for finite systens exhibit clear maxima contray to
the suggestion of Ref. 10. Furthermoreinasfa as one ob-
serves an overal qualitative differene betwea the specific
hed for the RPM ard a fluid with Lennard-Jong interac-
tions, the effed is primarily due to the large differene in
critical densities It has no relevane to possibe differences
in critical behavior—f@ which our currert dat allow few
definitive statementsConversely if one consides the heat-
capaciy density the two systens exhibit qualitativel rather
similar behavior Whether ultimately, that reflecs the same
or distina critical universaliy classs remairs to be deter-
mined on the bass of fluctuatiors not only of the energy as

observe in the specift heat but also of fluctuatiors in

density*>1’

Note added in proof. Our refined critical point estimates
are Tz =0.0517 ard p} =0.072.
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