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where the brackets indicate the ensemble average.18 A
takes values between 0 (sphere) and 1 (rod). In the
dilute limit it approaches a universal value for N f ∞,
estimated as 0.415 from first-order  expansions and as
0.431 from simulations.9,19,20 In the melt limit, where
the chains behave ideally, this value is anticipated to
decrease to the (exactly known) RW value 0.39427....17
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Introduction
It was recognized by Kuhn 70 years ago that the
typical shape of a flexible polymer chain is ellipsoidal
rather than spherical.1 This shape anisotropy, besides
being a fundamental property, is of considerable scientific and technological importance, affecting a variety
of polymer properties. For example, it has been proposed
that it influences the flow properties of polymeric fluids,2
and recently it was demonstrated3 that the polymer
asphericity can account for the polymer-induced depletion potential observed in colloid-polymer mixtures.4
Accordingly, the shape of random-walk (RW) and selfavoiding-walk (SAW) polymers has been studied extensively both analytically and by simulations.5-9 Very
recently, the asymmetric shape has actually been
observed in experiments.10,11
However, it should be noted that the experiments, as
well as the vast majority of the theoretical work, focus
on the shape of a single coil in a highly dilute solution.
Studies of the role of concentration are rare and have
essentially shown that, for a homogeneous solution of
athermal chains, the asphericity diminishes only very
slowly upon increasing concentration.12,13 In a poor
solvent, the reverse effect was observed,14 which is
essentially due to the coil-globule transition taking
place in the polymer-lean phase. Clearly, structural and
thermodynamic properties are intimately connected,
which has motivated us to investigate shape variations
within a more complicated phase diagram.
In this Note, we discuss the coil shapes of polymers
in a ternary solution, consisting of two polymer species
(denoted by A and B) and a solvent (S). In particular,
we focus on the effect of polymer-polymer separation
in this system, which we have investigated by means
of Monte Carlo simulations. It is found that this phase
transition indeed has a dramatic effect on the polymer
shape, which is characterized by the eigenvalues λ1 e
λ2 e λ3 of the radius-of-gyration tensor Q, defined as5,15
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where ri represents the position of the ith monomer
along the chain, R, β ) 1, 2, 3 denote Cartesian
components, and N is the degree of polymerization of
the polymer. The sum of the three eigenvalues equals
the squared radius of gyration Rg2. An important
measure is the asphericity A6,9,16,17
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We have performed Monte Carlo simulations for the
bond fluctuation model (BFM),21,22 with chains containing up to 80 units (each unit corresponds to a Kuhn
segment of 3-5 monomers). One of the advantages of
the BFM is the large number of available bond angles,
permitting a more realistic modeling of flexible chains
than is possible with random-walk models. To prevent
interference of polymer-solvent (PS) and polymerpolymer (PP) phase separation, the polymer-solvent
coexistence curve was suppressed by setting the interactions among units of the same type as well as the
polymer-solvent interactions to zero: AA ) BB ) SS
) AS ) BS ) 0.23 Thus, the PP separation is driven by
a repulsive square-well interaction among unlike segments, AB, which can be identified with a (reduced)
inverse temperature scale 1/kBT, where we will set kB
) 1. Further details of the BFM are described in ref 24.
For simplicity, we have studied symmetric, monodisperse systems, N ) NA ) NB. This enabled us to increase
the simulation efficiency via semi-grand-canonical (SGC)
moves,25 in which only the “identity” of a chain is
changed; as an additional advantage, PP phase coexistence by necessity occurs for identical chemical potentials. Thus, the concentrations of A and B polymers
fluctuate in the course of the simulation but on average
are equal. The SGC moves were combined with local
monomer moves and reptation-like moves. The overlap
threshold (discussed below) was determined via grandcanonical moves that employed a variant of the recoilgrowth scheme.26,27 Properties were sampled every 50
sweeps; the systems were equilibrated for 4000 such
samples, followed by 100 000 production samples per
state point.
Results and Discussion
The location of the A-B demixing curve depends on
the total monomer concentration φ and on the degree
of polymerization. Owing to the intrinsic symmetry of
our systems, the phase diagram is symmetric in the
order parameter. Figure 1 shows the cross section of the
phase diagram corresponding to the critical plane, for
three different chain lengths. For each chain length, the
phase diagram contains two critical lines, denoted a and
b in the figure. Line b indicates the critical transition
in the semidilute regime. Flory-Huggins theory predicts this line to have a linear dependence on concentration,28 whereas our results exhibit a manifestly nonlinear φ dependence, in agreement with renormalizationgroup predictions and earlier numerical findings.29-32
Furthermore, de Gennes33 has predicted that ternary
mixtures do not exhibit PP demixing for concentrations
below the overlap concentration φ* separating the dilute
from the semidilute regime and that symmetric mixtures undergo a critical phase transition at φ*. Both
predictions have been confirmed by our simulations;32
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Figure 1. Critical cross section of the phase diagram for
ternary mixtures with chain lengths N ) 10, 20, and 40. The
curves indicate the critical temperature for polymer-polymer
demixing as a function of total monomer concentration φ and
thus separate the mixed and the demixed phases. Note the
sharp drop in critical temperature for concentrations below
the overlap threshold φ*. For clarity, the curves a and b and
the overlap threshold have only been labeled for N ) 40. The
lines are guides to eyes.

the continuous phase transition at the overlap threshold
is indicated by line a in Figure 1. For completeness, we
note that the transition becomes first-order in the case
of unequal chemical potentials for the A and B polymers.
We now proceed to study the shape variation of
individual polymer chains within this phase diagram
by considering an isotherm that intersects the critical
line a in Figure 1. The correspondingly low temperature
merely affects the strength of the repulsion between
unlike monomers, since identical monomers only experience an excluded-volume interaction (owing to our
choice of the interaction parameters).34 The top panel
of Figure 2 shows the asphericity A as a function of φ
for N ) 40. The dashed curve refers to a homogeneous
athermal solution and shows a weak decrease of asphericity with increasing concentration: The screening of
the excluded-volume interaction restores the polymers
to a more spherical shape; a similar effect is responsible
for the difference between RW and SAW chains observed under dilute conditions.6,9 For very low concentrations, the data for the ternary solution coincide with
this reference curve because very few A-B interactions
will be present. As φ increases in the mixed phase (i.e.,
φ < φ*), the strong repulsion between unlike polymers
induces a significant decrease of the asphericity. At φ
) φ* phase separation sets in, leading to a branch point
in the graph for the asphericity. For the majority
component, the diminishing repulsion more than compensates the effect of increasing concentration, leading
to an initial upward trend for the asphericity. At
sufficiently high concentrations, phase separation is
virtually complete, and A decreases again, coinciding
with the athermal reference curve. The minority component, on the other hand, experiences a dramatic
decrease in asphericity for φ > φ*, caused by the strong
repulsion exerted by the chains belonging to the majority species. This tendency is only reinforced by the
increasing concentration, resulting in values for A that
are similar to those observed near the coil-globule
transition in dilute solutions.14 The decrease of A for
the minority component is reflected in the behavior of
Rg2 (middle panel of Figure 2), which, upon phase
separation, drops to Rg2 = 15 at φ ) 0.16. This small
value of Rg2 for chains with 40 repeat units clearly

Figure 2. (top) Asphericity for N ) 40 as a function of
concentration for a ternary solution at a low temperature
(triangles) and for a homogeneous athermal polymer solution
(dashed line). Upon phase separation, the minority component
experiences a large decrease in asphericity. (middle) The
corresponding change of the squared radius of gyration for both
majority and minority components. The decrease in asphericity
for the minority component coincides with a rapid decrease in
the radius of gyration. (bottom) Asphericity as a function of
concentration for three different chain lengths. All chain
lengths exhibit qualitatively similar behavior, where the shift
to lower concentrations reflects the decrease of the overlap
threshold with increasing degree of polymerization.

indicates the collapse of the minority chains, leading to
the large decrease in A.
The effect of the chain length on A is illustrated in
the bottom panel of Figure 2, where the data for N )
40 are shown together with those for N ) 20 and N )
80. All data were obtained along the same isotherm. For
each chain length, the branch point corresponds to the
respective overlap concentration φ* (cf. Figure 1 for N
) 20 and N ) 40). While the results are qualitatively
similar, there is a slight decrease in A with increasing
N at very low concentrations, in accordance with the
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Figure 3. Snapshots of a ternary polymer solution at T )
0.2. Top: φ ) 0.07, i.e., no phase separation. Chains of both
types have the same elongated shape. Bottom: φ ) 0.1, where
phase separation has set in. The red chain belongs to the
minority component in the selected phase and clearly has
adopted a much more spherical conformation.

prediction that this quantity should approach a universal limiting value near 0.431.9
The dramatic change of the shape of the minority
component upon phase separation is illustrated in
Figure 3. The top panel shows a typical chain of type B
(red) in a system with N ) 40 and φ ) 0.07 (i.e., in the
mixed phase). A region with relatively few B chains was
chosen for contrast, but the selected chains have a
representative shape. In the bottom panel, phase separation has been induced by increasing the total monomer concentration to φ ) 0.1, where the ratio of the
number of majority (A) and minority (B) chains is about
27. The contraction of the B chains, resulting from the
repulsion of the A chains (green), is clearly visible.
The values for the asphericity only represent ensemble averages, whereas knowledge of the underlying
distribution functions P(A) is relevant as well. For
example, in ref 3 an optimal data description was
obtained for an admixture of polymers of various shapes.
Figure 4 shows P(A) at various φ for both the majority
and the minority component. For φ < φ* = 0.077, where
both distributions necessarily coincide, a wide variety
of shapes occurs. After phase separation, however, P(A)
for the minority component develops a peak near A )
0.2. The peak position corresponds to a fast decrease in
P(A) for the majority component. The latter behavior
has been observed before for a single SAW polymer9,35
and seems robust. However, the precise reason for the
sudden change near A ) 0.2 still remains an open
question.
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Figure 4. Probability distribution of the asphericity A for N
) 40 at T ) 0.2, for various concentrations φ. (top) Distribution
for the majority component. The broad distribution reflects the
wide range of conformations present. (bottom) Distribution for
the minority component. Already slightly above the overlap
threshold, this distribution has developed a sharp peak at low
asphericity.

Conclusions
The shape of linear, flexible polymers in ternary
solutions has been studied by means of Monte Carlo
simulations for the bond fluctuation model, under
conditions where both polymer components dissolve well
in the solvent. At very low concentrations our results
are consistent with the results for a single SAW
polymer, reconfirming the universality of the shape
properties. Upon polymer-polymer demixing, the shape
of the minority component in the separated phases
changes dramatically, owing to the repulsion exerted
by surrounding polymers. This change is similar to that
observed for polymers in a poor solvent. Further simulations have shown that comparable results are obtained
along isotherms at higher temperatures and for systems
in which the PS demixing is not suppressed.32 In ternary
systems where the solvent quality is poor for either or
both of polymers, polymer-polymer demixing at the
overlap threshold will be preempted by polymer-solvent
separation.27
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